COMBINATORICA 17 (4) (1997) 469-482

COMBINATORICA

Bolyai Society ~ Springer-Verlag

COLOURING A GRAPH FRUGALLY*

HUGH HIND, MICHAEL MOLLQOY, and BRUCE REED

Received December 12, 1995

We prove that any graph with maximum degree A sufficiently large, has a proper vertex
colouring using A 41 colours such that each colour class appears at most logsA times in the
neighbourhood of any vertex. We also show that for #2> 1, the minimum number of colours required
to colour any such graph so that each vertex appears at most 3 times in the neighbourhood of any
vertex is 0(A+A1+1/ﬁ/ﬂ), showing in particular that when S8=logA/loglog A, such a colouring
cannot always be achieved with O(A) colours. We also provide a polynomial time algorithm to
find such a colouring. This has applications to the total chromatic number of a graph.

1. Introduction

It is well known that any graph with maximum degree A can be properly
(A -+ 1)-coloured using a simple greedy algorithm. In this paper we show that in
fact such a graph can be properly (A+1)-coloured so that no colour appears more
than poly(logA) times in the neighbourhood of each vertex.

We say that a vertex colouring of a graph is [-frugal if no vertex has more
than 8 members of any colour class in his neighbourhood. Our main result is the
following:

Theorem 1. Every graph G with maximum degree A > Ag = el has a Mog® AT-
frugal (A+1)-colouring.

Our proof is probabilistic, and makes use of the Lovasz Local Lemma. The

proof can be made constructive, providing an O(n3logo(1) n) randomized algo-
rithm, and a polytime deterministic algorithm to find such a colouring.

In [5] we make use of these results to find a total colouring of any graph with
maximum degree A sufficiently large using at most A +poly(logA) colours.

The motivation behind the approach we take is simple. First, we note that it
is enough to prove the case where G is A-regular. We then set k=ka = ﬂog;2 Al,
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we set f=fp = [%], and we attempt to partition V =V(G) into sets S1,...,S; such
that

(a) for each vertex v, and each ¢ in {1,...,£}, |N(v)NS;| <k, and

(b) each set S; has a k-colouring.

(Note that by Brooks’ Theorem, if (a) holds then so does (b) as long as k>?2
and no S; induces a clique.)

If we could find the desired partition, then we could combine the colourings
of (b) to obtain a k£ <A -k colouring of G in which each colour appears at most
k times in the neighbourhood of any vertex (by (2)). With a little more care, we
could actually create a A+1 colouring which meets the stipulations of Theorem 1.

In proving the theorem, we attempt to implement this straightforward idea.
Unfortunately, a number of complications arise. We present the details in Section 2.

In Section 3, we show that our result is nearly best possible, by showing that
for any ¢ > 1, and arbitrarily large A there exists a A-regular graph G such that
for any tA colouring of G there is a vertex v with at least log A/loglog A members
of one colour class in his neighbourhood. We do this by showing that for 8> 1,
the number of colours required to assign a S-frugal colouring to any graph with
maximum degree A is at least ALFL/B /28. On the other hand, we show that we

can find such a colouring with max(8A,e*A1*+1/8/3) colours.

In Section 4, we provide efficient algorithms to find the colourings guaranteed
by these results.

Several times in our work, we make use of the Lovdsz Local Lemma [3], which
we present now. Suppose that 4 = Ay, As,..., A, is a list of random events. We
say that a directed graph G is a dependency graph of A if for each ¢, A; is mutually
independent of {A;|(1,7) € E(G),j#i}.

The Local Lemma (General Form). Suppose & = A1, As,...,Ayp is a list of ran-
dom events and G is a dependency graph of 4. Suppose further that there exist
1>xzy,...,2, >0 such that for 1<i<n,

Pr(4;) < z; H (1- :L'j).
(i.)€E(G)
Then Pr{nf:_,4;)>0. '
We will usually use the following special case:

The Local Lemma (Symmetric Form). Suppose 4 = A1, Ag,..., Ay is a list of
random events and G is a dependency graph of 4. Suppose further that there
exist p,d>0 such that for 1 <i<n, Pr(4;)<p, degg(?) <d and ep(d+1)<1. Then
Pr(“?:lAi) >0.

Note that the symmetric form follows from the general form by setting z; =
1/(d+1) for each 1.

We will also make use of the following bounds on the tails of the binomial
distribution (see for example {4]):
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The Chernoff Bounds. Let B(n,p) be the sum of n independent Bernoulli variables,
each occuring with probability p. Then for any 0<a< %np we have the following:

Pr(B(n,p) —np >a) < e—az/?’"p,

and
Pr(B(n,p) —np < —a) < e~ /2np

Throughout this paper, we use A+ B to denote the subgraph induced by the
vertex set AUB.

2. Proceeding Carefully

Now we proceed with our proof of Theorem 1. To begin, we examine the
properties of a random partition of V(G) into £ sets. If each vertex is placed in

each S; with probability £~! and these choices are independent, then for a fixed
vertex v we expect that the sizes of the sets Sy NN (v),...,S, NN (v) will remain

between k —+/Tog AV and k++/Tog AVE.

In fact, we can apply the Local Lemma to ensure that there is a vertex
partitioning Si,...,Sp such that for each v € V and i € {1,...,£} we have &k —

3vIogAVE < |S;NN(v)| < k+3/logAVk. This is not quite what we want - our

degrees are out by a fudge factor of f = fa = 3/logAVk - so we cannot apply
Brooks’ Theorem.

So, we will actually construct a set U of vertices which contains about % fe
of the neighbours of each vertex in G, and then apply our original technique to
obtain an £ partitioning of G—U such that for each v€V and 1€{1,...,£} we have
k—3f<|SiNN(v)|<k-2.

To be precise, our first result is:

Lemma 1. Let G be a A-regular graph where A > Ag ——-e107, and set k=[log? A],
L= [%] and f=[3y/IogAVk]. There exists a partition of V(G) into sets Si,...,S;
and U such that:

1. for each veV (@), fLL|N(w)NU|L2f4,

2. for each veV(G), i€{l,...,0}, k=3 <|N(v)NS;|<k-2.

Proof. We use the symmetric form of the Local Lemma. We partition the vertex set
into 51,59,...,85;,U randomly, placing each vertex in U with probability % FEA,
and in S; with probability (1— % fe/A) /L, where the choice is made independently
of the choices for the other vertices. Note that for each v € V(GQ),1 < i < ¢,
Exp(|N(v)NU|)=3 f¢ and Exp(|N(v)NS;|)=k— 3 f+p, for some 0<p<1.
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For each ve V(G),1<i</ let A, be the event that v violates condition 1 and
let By ; be the event that v,i violates condition 2 of Lemma 1. By the Chernoff
bounds,

Pr(4y) < 2~ (303370 < 9 Toxa
and

_ 2 2
Pr(B,;) < 2 173k < Nk

Also, each event is independent of all but at most 2A2£ other events, and so as
ex (2/A3)x(2A20+1) <1, the probability that conditions 1 and 2 hold is positive.

Suppose A=ké—r, where 0 <r < k. Note that each S; clearly has a k—1 vertex
colouring - we simply colour greedily.

It remains only to partition U into sets Uy,...,U, such that
(a) for 1<i<{f~r, U;+5S; has a k vertex colouring, and for £—r <i<{, U;+S;
has a k—1 vertex colouring;
(b) no vertex sees more than log® A —k vertices of any U;.
The desired result then follows by combining the colourings described in (a).
We will construct the sets Uy,...,Up recursively. Initially, Uy =... = U, = §.
In each iteration, we will add a stable set UZ{ of U— U?lej to U;, each vertex of

which sees at most k—1 vertices of U; +.5; for i <£—r, and at most k—2 vertices if
1 >£—r. This implies that we can greedily extend our colouring of each U;+S; to U{

so that after adding Uz{ to U, (a) remains true. The crux of the proof is choosing
these sets so that (b) holds when we are done.

To capture the key ideas, we informally describe the first iteration. To do so,
we will examine a random procedure for choosing sets U{,...,Ul{. For each vertex

v, we let Iy ={i:|N(v)NS;|<k—1and [N(w)NS;|<k—2ifi>£—r}. If we put v
into UZ{ then i€ I;,, We will put v into U;eg, U{ with probability f~2 and given that
it goes into some U, each U] for i € I, is equally likely. Thus for each v € V(G),
te{l...,.4},

0, 1 €1,

PF(UEU{)={T——f oy i€h

and this choice is made independently of the choice for any other vertex.
Let us investigate what the random sets U{,...,Ué look like. First note that
for any vertex ueU we have f£<|N(u)NU|<2f¢, and so

£
A—2ff <Y IN@)NS| <A—fe
i=1
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but
Yook+ Y, k-1=A
1<i<bor  f—r<i<é
and so
Yo k=IN@NSI+ > k=1—|N(u) NS> fL.
1<i<b—ri€l, b—r<i<bicly,

Furthermore, for each 4, |N(u)NS;|>k—3f. It follows that |I,| > %

Thus, the probability that any particular vertex w is in Uz-' for some particular
1 is at most 3/f 2¢. Thus, the expected number of neighbours of a given vertex v
in U! for any fixed i is at most (2f£) x (3/f2€)=6/f=0(1). So for any particular

i, U! is a stable set with very high probability. Furthermore, for any fixed v the
following property holds with very high probability:

v i) - T < g, (IO

It desired, we could use the Local Lemma and insist that weakenings of these
two properties simultaneously hold for all v and 7 with positive prabability, thus
obtaining:

Lemma 2. Let G be a A-regular graph where A > Ag =e!%; and set k= Mog? A],
L= ]’—%'I, and f = [3/og AV’k], and let {S1,...,54,U} be a partition of V(G) as
assured by Lemma 1. Then there are disjoint stable sets Uy,...,Uy in U such that
1. for each 1<i<{—r, S;+U] has a k colouring
?(?rdeacb £~r<i<{, S;+U] has a k—1 colouring;
2. for each veV(G), 1<i<4, [N(v)NU!|<logA;
3. for each veV(G),

IN () N (U U] - ﬂU'\ < aviog [0

We omit the proof of Lemma 2, as it is a special case of Lemma 3, to follow.

The first step of our iterative procedure consists essentially of applying Lemma
2toobtainsets U7,..., U{f with the properiies given in its statement. As we continue,
we want to carry oun using the Local Lemma in a similar manner. We have to be a
little careful because as the number of elements of U decreases, so does |[UNN(v)]
and hence our bound on |I| for each vertex v. Furthermore, the ratio

maxy, |[N(v) NU|
min, |[N(v) NU|
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begins to move away from 2 (recall that this ratio was important when we derived
our bound on |I]). However, we will see that this does not pose a serious problem

because as long as we halt our procedure before |U N N(v)| drops below f4, ||

never gets too small, and this ratio remains bounded by +/log A which is enough
for our purposes.

A problem which causes more difficulty is that of ensuring that each UZ( is a
stable set. This is straightforward when a and b are large, but as they get smaller
we have {0 use more care, and it is not enough to simply select these sets in the
manner described in the discussion preceding Lemma, 2.

We prove the following lemma.

Lemma 3. Let A k,{,a and b be integers satisfying A > Ag = 6107, k> |'log2 Al,
{= ]'%], f=1[3vIogAVE], and f2<a<b<ay/F. Let G be any A-regular graph
and let {S1,...,8p,U1,...,Up, R} be a partition of V(G) which satisfies
(a) for each veV(G), 1<i<L, k-3f<|IN(w)NS;|<k—-2;
(b) for each veV{(QG), a<|N{v)R| <b;
(e) for each 1<i<{—r, S;+U; has a k colouring
and
for each £ —r<i<{, S;+U; has a k—1 colouring.
then there are disjoint stable sets U{, ceey Ué in R such that
1. for each 1<i<f—r, §;+U; + U{ has a k colouring
and
for each £—r<i<{, S;+U;+ Ui' has a k—1 colouring;
2. for each vEV(G), 1<i<t, |N(v)NU!|<4log? A;
3. for each veV(G),

Vo)A 0] - O < 4o [ODE

Proof. We prove this in two steps, each time using the symmetric form of the Local
Lemma.

Claim 1: There exists U' C R such that for all veV(G),

IN(v) N U] - %ﬂ' < 3/logA ———IN(’?sz’.

Proof. For each u € R, place u in U’ with probability f~2, where this choice is
made independently of the choice for all other vertices. For each v€ V(G), let A,

be the event that |N(v)NU’| violates the guarantee of Claim 1. Note that by the
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Chernoff bounds, Pr(4,) < 2A~3 and that each A, is mutually disjoint of all but
at most A2 other events. Therefore, since e x 2A73 x (A2+41) < 1, the probability
that U’ meets the condition of Claim 1 is positive. |

Most of U’ will be placed in UUZ(. In order to ensure that S;+ U; + Ui/ can
be coloured as claimed, we will insist that for every v € U/, |[N(v)N(S;Ul;)]| is

sufficiently small. To this end, for each veU’, we define I, ={i:|N(v)N(S;U;)| <
k—1 and |N(v)N{S;U0;)| <k-2 if i >£—r}. Note that |I,|>a/(3f) by an argument
similar to that preceding Lemma 2.

Claim 2: There exists a partition U,...,U;,X of U’ such that
1. each U] is a stable set;
2. for allveV(G), 1<i<Y, ifveUg thenicly;
3. for allve V(G), 1<i<t, [N(w)nU!| <4log? A;

4. for all veV(@Q), IN(v)ﬂXIS\/IogA,/LAL;%Dﬂ.

Note that this is enough to prove Lemma 3.
Claim 2 will follow from repeated iterations of:

Claim 3: Given Y CU’, and sets I}, C I, with |I,|> % and |N(v)NY|<c for some

ViogA f% <c< ]%—3, there exists a partition Yi,...,Y,,Y' of Y such that

1. each Y; is a stable set;

2. for allveY, 1<i<{, ifveY; then i€ ll;

3. for allveV(Q), 1<i<{, [N(v)NY;|<dlog A;
4. for allveV(G), |IN(v)NY’|<§.

Proof. First we partition Y into Y7,... ’YEI which satisfy conditions 2 and 3 of Claim
3. Next, for each i, we choose a stable set ¥; QYi', such that condition 4 holds.

For each v €Y, we select a uniformly random member i € I,, making the choice
independently of all other such choices, and put v into Yi’ .

Now, for each 1<i<£ and v€ Y}, if v has a neighbour in ¥/, then we put v
into ¥’ Finally we set ;=Y —-Y".

For each v e V(G), let By be the event that v violates condition 3 for some i,
and let C, be the event that v viclates condition 4. For each u,%, the probability



476 HUGH HIND, MICHAEL MOLLQY, BRUCE REED

that u is placed into Yi, is at most 6f/a, and so

Bxp (N(w) i) < L e
6f b
< PR 7
< 6f 2af
—_ a f2
<1272 <1

Therefore, |[N(v)NY;]| is statistically dominated by the Poisson variable with mean

1, which is greater than log A with probability less than flogl_A—)T

Pr(B,) < <A™

/X —
=" log &)1
Similarly, the probability that v is placed into Y’ is at most 12 f_l/ 2
Exp (|N(v)NY’|) <12¢f~ /2 <c/4. Therefore,

, and so

Pr(C,) < e¢/636 A4,

Furthermore, each event is independent of all but at most 2A% other events. There-

fore, since e x A™* x (2A3+1) < 1, the probability that conditions 3 and 4 hold is
positive. Conditions 1 and 2 are enforced by the nature of our selection, and so the
claim is true.

Now it only remains to prove Claim 2.

Proof of Claim 2. Set Yp=U’, U/ =0 and repeatedly apply Claim 3 with Y =Y;,
and I}, ={i€ L,|U/NN(v)=0}, and set Y; {1 =Y’, U/=U]UY;.

Halt when |N(v)NY| §\/10gA1/M’];)7OU—I|, and set X =Y;. Note that we will
require fewer than log A iterations, and so lN(v) HUH <4log?A. |

Iterated applications of Lemma 3 now allow us to prove Theorem 1:

Proof of Theorem 1. First, we assume that G is A-regular, as if it is not, then G is
a subgraph of some A-regular G’ formed by adding edges and at most A vertices
to G, such that it suffices to find such a colouring of G”.

We then begin by taking a partition of V(G) as assured by Lemma 1, and we
consider vy= [ f2(log(f£)—log(f*9))] iterations of Lemma 3, each time replacing U;

by U;UU] from the previous iteration. During the jth iteration, we can take a,b to
be a;,b; which are defined iteratively below.
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Set ag=f£,bg=3f¢, oz=1—1/f2, and for 0<j<y—1 set

aj41 = Gj <1 - %) - 4\/10gA@

2 aaj — \/aj,

1 aj

bj+1 = bj (1 - },—2‘) +4\/logA§
< abj + bj-

To ensure that we can carry out these iterations, we only need to bound b;/a;.
Note that a; < oJag, bj> aJbg, and both sequences are strictly decreasing.
To bound aj, we set jo =0, jir1 = j; + f%logaji/log(a‘lﬂ, and p= (%)1/4.
Note that
Qjipy 2 (a'ji)3/4 — (Jig1 — ji)(aji)l/Q
> plaj,)¥/*

> p—(i+1)aji+1a0_
Similarly, we set tp=0, and ¢;41 =%;+ |% logbji/log(a‘l)]. Note that

by < (b)) (tigs — t3)(be,) /2

< p(bti)3/4

< pi+1at,‘+1 bo.

Set 1* = floglogA/log(%)]. For j <7, j<ji,t;+, and so a; Zajao/log1/4A2
f4 and b; Slog1/4 Aajbogaj\/f as desired.

Therefore, we can partition V(G) into sets {Sy,...,Sp,U1,...,Us, R} such that
(a) for each veV(Q), 1<i<?, k=3f <|N(v)NS;| <k—2;
(b) for each veV(G), IN(v)NR|< f43log/2 A,
(c) for each veV(G), 1<i<{, |N(v)NU!| <dylog? A;

(d) for each 1<i<f—r, S;+Uj has a k colouring
and
for each £—r<i</{, S;4+U; has a k—1 colouring.

Therefore, by colouring V(G) — R with A colours as described in (d), and then
greedily A+1 colouring R, using one more colour, we have a A+1 colouring of G

in which for each ve V(G), N(v) contains fewer than k+4ylog? A+ f45log!/4 A<
log® A vertices from each colour class. |
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3. Smaller Values of 3

Here, we consider the problem of finding the minimum number of colours
necessary to produce a (-frugal colouring for general 8. Our main result is the
following:

Theorem 2. For any 2> 1 and sufficiently large A, every graph of maximum degree
A has a (3-frugal max((8+1)A,e3A1/8/8) colouring.
Proof. We use the general form of the Local Lemma. The case 3=1 is known, so
we assume > 2.

Let G be any graph with maximum degree A, and let

c=max((8+1)A,e3AF1/8 gy,
For each v € V((@), randomly choose one of ¢ colours for v, where the choice is
uniform over all colours, and independent of the choice made for any other vertex.
For each (u,v) € E(G), define Ay, to be the event that u,v are both in the
same colour class. For each (v,ml,...,mﬁ+1) such that {z1,...,z5} € N(v) define
Bv’z,;l,_“,mﬂ+1 to be the event that z1,...,7g41 are all in the same colour class. All

events Ay 4 are said to be Type A events and all events By z, .., are said to be

Th+1
Type B events.

1
PI‘(AE,U) = Z s

and
1

Pr(Bv,ml,...,:cﬁ_H) = c—ﬂ
Furthermore, each Type A event is independent of all but at most 2A Type
A events and at most 2AP*1 /bl Type B events. Similarly, each Type B event is
independent of all but at most {3+1)A Type A events and at most (,8+1)Aﬂ+l/b!

Type B events. Therefore, by setting 24 =1/((b+1)A), zg=bl/((b+1)AP+1), and
applying the symmetric form of the local lemma, we see that the probability that
none of these events cccurs is positive, and thus there exists a G-frugal colouring. i

We will now see that Theorem 2 is best possible up to a constant multiple:

Fact: For any §>1 and for arbitrarily high A, there is a graph of maximum degree
A, which does not admit a S-frugal colouring using fewer than Al+1/B /203 colours.

Proof. We are grateful to Noga Alon for the following example.

Consider a (342)-dimensional projective geometry, P, with m=nf+14nfy. . H

points, every (8+41)-flat containing exactly A=nf+...+1 points, and n arbitrarily
large. Form a bipartite graph G with parts P, F', where P is the set of points, and
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F is the set of (§+1)-flats, and where two vertices pe€ P, f € F' are adjacent if p
lies in f.

Because P is a projective geometry, every set of 8+ 1 points lies in a (8+1)-
flat, and so in any S-frugal colouring of G, no colour can be used more than 8
times. Therefore, at least m /8 points are required. The result now follows as G

has maximum degree A, and m > %Al'i'l/ﬁ. 1
Note that this also implies that Theorem 1 is nearly best possible.

Corollary 1. For any t> 1, there exist graphs with maximum degree A arbitrarily
large, which admit no log A/loglog A-frugal colouring using tA colours.

Proof. For B=logA/loglogA, A=o(A+Y/8)3). 1

4. Algorithms

Beck [2] has developed a technique which makes some applications of the Local
Lemma constructive (see also [1]). We will see in this section that this technique
applies to Theorems 1 and 2, yielding efficient algorithms at the price of an increase
of Ag and the constant term in Theorem 2. We will need the following theorem,
which we state in a somewhat more general form than is found in [2].

Theorem 3. Let d={Aj,...,Ar} be a collection of subsets of a finite set X, | X |=n,

each of size at most m such that each A; intersects at most me/%0 other members
of 4 for some given € >60. Suppose that we are given v1,7a,...%y; with v =v;(n)>

1/m, Y v;=1. Then we have an O(nrllogo(l) n) time randomized algorithm and
a polytime deterministic algorithm which finds a partition X = X U...UX; such
that for each A;,

(*) X N Aj] —vlA4)]| < ev/yymlogm  1<i<

The case | =2,y = v = —%— is Theorem 5 of [2]. We omit the proof as it

follows along the same lines as that in [2]. For ease of exposition, we present the
randomised version of the algorithm. We start with the case where m,l=0(1).

Note that the existence of the desired partition is guaranteed by a straight-
forward application of the Local Lemma. The difficulty is in finding the partition
efficiently.

The idea is that if we place each £ € X into a randomly chosen part where each
X; is chosen with probability +;, then with high probability (*) holds for most of the
subsets A;. In order to ensure that (x) holds for every A;, we make these choices
one-at-a-time, and if during this process any Ay comes too close to violating (x)

we stop choosing parts for all remaining members of A;, postponing these choices
until a later time when we will be more careful.
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Step 1: Arbitrarily order the elements of X, z1,...,z,. Set SKIP = @. For
k=1,...,n, do the following:

{a) If £z € SKTP then next &. Otherwise, randomly choose which part to place
z, into, placing it into X; with probability ;.

Aj muﬁ,:lxi, | > %a/ryimlogm
then set SKIP=SKIPU(A; —Ué,lei:), thus postponing the choice in step
1(a) for the rest of the members of A;.

At this point all of X — SKIP has been distributed into X1,..., Xy, and all
that remains is to distribute the members of SKIP. It can be shown using the first
moment method that with high probability each component of the hypergraph with
vertex set SKIP, and edges A;NSKIP has at most O(logr) edges. We would like
to reduce these component sizes even further, so we repeat step 1 one more time.

Step 2: Set X'=SKIP and for each 1<j<r, set A;=AjﬂSKIP. Repeat step 1
using X’ and o' ={A4],..., A"} rather that & and X.

Denote by # the hypergraph with vertex set SKIP and edges A; =A;NSKIP.
With high probability each component of # has at most O(loglogr) edges.

(b) Foreach 1<i<[,1<j <, if||Aani|..%-

A straightforward application of the Local Lemma shows that there exists a
partition SKIP=Z{U...UZ; such that for each A;-’,

1
{‘ZiﬂAjL—finAj{fg§sx/yim10gm 1<2<L

Clearly setting each X; = X,;U Z; will yield the desired partition of X.

The key point of this algorithm is to note that we can look for the partition of
the members of any component of # independently of our search for the partition
of the rest of SKIP. Furthermore, the sizes of these components are small enough
that we can find their partitions using exhaustive search! The number of possible

partitions of a component is at most [O(mloglogr) anq so if m,l=0(1) then we can
check them all in time O(logr):

Step 3: By exhaustive search, find a partition SK 1P =Z1U...UZ;, where for 1 <i<1
and 1<j<r, |‘A;-IOZ,; A;||§%s\/'yimlogm.

If | grows with r, then we must first split SKIP into 2 parts, and then split
each part into 2 more, and so on until we have our £ parts.

Step 3: By exhaustive search, find a partition SKIP =Y UY5 such that, with
-5

—%

_l. "
61=H7‘,'—:—2_.-1'7i562=1—[::|'1”|+17ia fori=1,2, and for 1<j<r, |lAj ny;
2

FHIES

logm. In the same manner, repeatedly split each part, until we have

1 14"
5€1/0; AJ
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SKIP=2,U...UZ, where for 1 <i<land 1<j<r, |IA;-'mZi —

%E\/'yimlogm.

If m grows with 7 then we proceed as follows: If m=0{loglogr) then we can
still carry out each iteration of step 3’ in poly(logr) time. Otherwise, with high
probability, a random partition of each component of # will satisfy our desired
property.

Using standard techniques for derandomizing the first moment method, such as
those in {2], we can derandomise step 1, yielding a polytime deterministic algorithm.

Now, we will use Theorem 3 to find an efficient algorithm to produce a colouring
as guaranteed by Theorem 1, with a slight increase of Ag.

The first step is to find a partition of V(@) into 51,93,...,5p,U as in Lemma
1. Here, we increase f to 200 [\/loﬁ\/m This is a straightforward application of
Theorem 3 with X =V(G), Ay=N(v),v€V(G), [=£ and v;=(1 -3 ft/A)/L.
The next step is to find stable sets U{,...,Ué C R as described in Lemma, 3.
We weaken conditions 2, 3 of Lemma 3 to:
1. for each veV(G), 1<i<¥, |[N(v)NU!| <600log!® A;
2. for each veV(G),

451 <

[V (v) N B
T

We can find U’ as in Claim 1 by Theorem 3, with X =R, A,=N(v)NR, l=1 and
y1=F"2. To choose U{ , we use an algorithm similar to that given by Theorem 3:

[N (v) N (Ui, U7)]

—%ﬁﬂ‘ < 600+/log A

Step 1: Arbitrarily order the vertices of U/, wy,...,u;. Set SKIP = . For

k=1,...,t, do the following:

(a) If up € SKIP then next k. Otherwise, place uy, into U, where i* is chosen
uniformly at random from I. For each s€ N(u)NU’, set Iy=1I5—{i*}.

(b) For each 4,v, if [N(v)NU!| > 100log!5 A, then set SKIP =SKIPU(N(v) -
ué_,UL).

Step 2: Repeat step 1 with U’—Uf:1 Ui’ rather than U.

Step 3: Now, by exhaustive search, choose the remainder of U;’ in the same manner
as in the previous algorithm.

The proof that this algorithm succeeds with high probability follows along the
same lines as the proof of Theorem 3 and we omit the details. Again, this can be
derandomized, providing a polytime deterministic algorithm.

We must apply Lemma 3 v = O(log4A) times, and then we simply greedily

colour the graph, as described in the proof of Theorem 1, yielding a O(n3 logo(l) A)
time randomized algorithm, or a polytime deterministic algorithm.
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5. Remarks

It is worth noting that by being more careful with our calculations, and raising
Ag, we can find a log? A-frugal (A + 1)-colouring for any graph with maximum
degree A > Ag. However, it seemis that our methods will not be enough to find a
log® A-frugal (A -+ 1)-colouring for ¢ close to one.

On the other hand, by being slightly less frugal, we can decrease our rather
large lower bound on A, showing, for example, that any graph with maximum
degree A>1 has a log?® A-frugal (A +1)-colouring.

Alon [1] has shown how to modify the technique of [2] to produce parallel
algorithms. His methods do not seem to apply bere.
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