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We prove t h a t  any  g raph  wi th  m a x i m u m  degree A sufficiently large, has  a p roper  ver tex  
colouring us ing  A + 1 colours such t h a t  each colour class appears  at  m o s t  log 8 A t imes  in the  
ne ighbourhood  of any  vertex.  We also show t ha t  for ~ ~ 1, the  m i n i m u m  n u m b e r  of colours required 
to colour any such  g raph  so t ha t  each ver tex  appears  a t  mos t  j3 t imes  in the  ne ighbou rhood  of any  
ver tex  is 0 ( A + A I + I / ~ / ~ ) ,  showing in par t icu lar  t h a t  when  1 3 = l o g A / l o g l o g A ,  such  a colouring 
canno t  always be achieved wi th  O(A)  colours. We also provide a po lynomia l  t ime  a lgor i thm to 
find such  a colouring. Th i s  has  appl ica t ions  to the  to ta l  chromat ic  n u m b e r  of  a g raph .  

1. I n t r o d u c t i o n  

I t  is well known that  any graph with maximum degree A can be properly 
(A + 1)-coloured using a simple greedy algorithm. In this paper  we show tha t  in 
fact such a graph can be properly ( A +  1)-coloured so that  no colour appears  more 
than  poly(log A) times in the neighbourhood of each vertex. 

We say that  a vertex colouring of a graph is t3-frugal if no vertex has more 
than/3  members of any colour class in his neighbourhood. Our main result is the 
following: 

Theorem 1. Every graph G with maximum degree A >_ Ao = e 107 has a Ilog 8 A]-  
frugal (A + 1)-colouring. 

Our proof is probabilistic, and makes use of the Lovs Local Lemma.  The 

proof can be made constructive, providing an O(n31ogO(1)n) randomized algo- 
ri thm, and a polytime deterministic algorithm to find such a colouring. 

In [5] we make use of these results to find a total  colouring of any graph with 
maximum degree A sufficiently large using at most A +poly( log  A) colours. 

The motivation behind the approach we take is simple. First, we note that  it 

is enough to prove the case where G is A-regular. We then set k = kA = [log 2 A],  
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we set g=s  = F-~], and we a t tempt  to parti t ion V =  V(G) into sets S1, . . . ,  Sg such 

that  

(a) for each vertex v, and each i in {1,...  ,g}, [N(v)NSil <_k, and 

(b) each set Si has a k-colouring. 

(Note that  by Brooks' Theorem, if (a) holds then so does (b) as long as k > 2 
and no Si induces a clique.) 

If we could find the desired partition, then we could combine the colourings 
of (b) to obtain a kg <_ A + k colouring of G in which each colour appears  at most 
k times in the neighbourhood of any vertex (by (a)). With  a little more care, we 
could actually create a A + 1 colouring which meets the stipulations of Theorem 1. 

In proving the theorem, we a t tempt  to implement this straightforward idea. 
Unfortunately, a number of complications arise. We present the details in Section 2. 

In Section 3, we show that  our result is nearly best possible, by showing that  
for any t > 1, and arbitrarily large A there exists a A-regular graph G such that  
for any tA colouring of G there is a vertex v with at least l o g A / l o g l o g A  members  
of one colour class in his neighbourhood. We do this by showing that  for fl > 1, 
the number of colours required to assign a j3-frugal colouring to any graph with 

maximum degree A is at least Al+l/~/2f l .  On the other hand, we show tha t  we 

can find such a colouring with max(flA,eaAl+l/~/j3) colours. 

In Section 4, we provide efficient algorithms to find the colourings guaranteed 
by these results. 

Several times in our work, we make use of the Lovs Local Lemma [3], which 
we present now. Suppose that  M = A1,A2 , . . . ,An  is a list of random events. \Ve 
say tha t  a directed graph G is a dependency graph of M if for each i, Ai is mutual ly 
independent of {Aj[(i , j )  ~ E (G) , j  ~ i}. 

The Local Lenmla (General  Form). Suppose M = A1 ,A2 , . . . ,An  is a list of ran- 
dom events and G is a dependency graph of M. Suppose further that there exist 
l > x l , . . . , x n > O  such that for l < i < n ,  

Pr(Ai) < 1-I (1 - . j ) .  
(~j)~E(~) 

Then Pr (n~_ lAi )  >0 .  

We will usually use the following special case: 

The Local Lemlna (Symmetric Form). Suppose M -- A I , A 2 , . . . , A n  is a list os 
random events and G is a dependency graph of M. Suppose further that there 
exist p, d > 0 such that for 1 < i < n, Pr(Ai )  <_ p, deg'G (i) <_ d and ep(d+ 1) < 1. Then 
Vr(n =<id > 0. 

Note that  the symmetric form follows from the general form by setting xi = 
1 / ( d + l )  for each i. 

We will also make use of the following bounds on the tails of the binomial 
distribution (see for example [4]): 
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The ChernoffBomads. Let B(n,p)  be the sum ofn independent Bernoulli variables, 
1 each occuring with probability p. Then for any 0 < a <gnp we have the following: 

Pr(B(n,p) - n p  > a) < e -a2/3np, 

and 

Pr(B(n,p) - n p  < -a)  < e -a2/2np. 

Throughout  this paper, we use A + B  to denote the subgraph induced by the 
vertex set A U B. 

2. P r o c e e d i n g  C a r e f u l l y  

Now we proceed with our proof of Theorem 1. To begin, we examine the 
properties of a random partit ion of V(G) into g sets. If  each vertex is placed in 

each Si with probabili ty 2 -1  and these choices are independent, then for a fixed 
vertex v we expect that  the sizes of the sets $1 M N ( v ) , . . . , S i  n N(v) will remain 

between k - ~ x / k  and k + ~ x / ~ .  

In fact, we can apply the Local Lemma to ensure that  there is a vertex 
parti t ioning S1, . . . ,S~ such tha t  for each v E V and i C {1,. . . ,~} we have k -  

3 ~ v / h <  IS /~N(v) l  _< k +  3 ~ v ~ .  This is not quite what we w a n t -  our 

degrees are out by a fudge factor of f = fA = 3 ~ v / - ~  - so we cannot apply 
Brooks'  Theorem. 

So, we will actually construct a set U of vertices which contains about  -~f~ 
of the neighbours of each vertex in G, and then apply our original technique to 
obtain an ~ partitioning of G - U  such tha t  for each v c V  and iE{1 , . . .  ,~} we have 
k -  3f  ~ [S iMN(v ) [<k-  2. 

To be precise, our first result is: 

Lemma 1. Let G be a A-regular graph where A ~ A 0 : e 10~, and set k : [log 2 A1, 

s [-~1 and f =  [ 3 ~ x / ~ ] .  There exists a partition of V(G) into sets $1,... ,Se 
and U such that: 

1. for each yEW(G), fe<_ [N(v)nU[ <2fg, 
2. for each vcV(G) ,  i E { 1 , . . . , / } ,  k-3f<_[N(v)nS~[<k-2. 

Proof. We use the symmetric form of the Local Lemma. We part i t ion the vertex set 

into S1,S2, . . . ,SI ,  U randomly, placing each vertex in U with probabil i ty 3f~/A,  

and in Si with probabili ty ( 1 -  3f i /A) /g ,  where the choice is made independently 

of the choices for the other vertices. Note tha t  for each v E V ( G ) , I  < i < ~, 

Sxp([N(v)NUD=3f~  and E x p ( l N ( v ) M S i ] ) = k - 3 f + p ,  for some 0 _ ~ p < l .  
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For each v E V ( G ) , l < i < g  let Av be the event that  v violates condition 1 and 
let Bv,i be the event that  v,i  violates condition 2 of Lemma 1. By the Chernoff 
bounds, 

1 2 3 A 
Pr(Av)  < 2e - ( T f 0  /3(Tft) < 2e lo~z~ 

and 

2 
Pr(Bv,i) <_ 2e -f2/3k <_ A-- 5. 

Also, each event is independent of all but at most 2A2g other events, and so as 

e x (2/A 3) • (2A2g+l)  < 1, the probability that  conditions 1 and 2 hold is positive. I 

Suppose A = k g - r ,  where O<r<k. Note that  each Si clearly has a k - 1  vertex 
colouring - we simply colour greedily. 

I t  remains only to parti t ion U into sets U1,. . . ,  Ut such that  

(a) for 1 < i < g - r, Ui + Si has a k vertex colouring, and for g - r < i <_ g, Ui + Si 
has a k -  1 vertex colouring; 

(b) no vertex sees more than log s A -  k vertices of any Ui. 
The desired result then follows by combining the colourings described in (a). 

We will construct the sets U1,. . . ,  Ut recursively. Initially, U1 . . . . .  Ut = ~. 

In each iteration, we will add a stable set U~ of U-U~=IU j to Ui, each vertex of 

which sees at most k - 1  vertices of Ui+Si for i<_g-r, and at most k - 2  vertices if 
i >s This implies that  we can greedily extend our eolouring of each Ui+Si to U~ 

so that  after adding U~ to Ui, (a) remains true. The crux of the proof is choosing 

these sets so that  (b) holds when we are done. 

To capture the key ideas, we informally describe the first iteration. To do so, 
we will examine a random procedure for choosing sets U~,. . . ,  U~. For each vertex 

v, we let I v={ i : lN(v )nS i l<_k -1  and IN(v)NSil<_k-2 if i > e - r } .  If  we put  v 

into U~ then i E Iv. We will put v into UicIv U[ with probabili ty f - 2  and given that  

it goes into some U[, each U~ for i C Iv is equally likely. Thus for each v E V(G), 
iE{1 . . . , e} ,  

P r ( v E U [ ) - - { O ' I  i • Iv 
f-~i~l' i E I .  

and this choice is made independently of the choice for any other vertex. 

Let us investigate what the random sets U[, . . . ,U~ look like. First note that  

for any vertex u E U we have I t  < IN(u )n  UI _< 2fg, and so 

A -  2fg < ~ l N ( u )  A Si] < A -  fg 
i=i 
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but 

and so 

E k +  E k - l = A  
l ~ i ~ - r  g-r<i<g 

k - Fv (~ )  n S~l + ~ k - 1 - Fv (~ )  n Si[ >_ S ~. 
l < i <e--r,iE I~ g- r < i ~g,i E Iu 

Furthermore, for each i, [N(u)NSiI > k - 3 f .  I t  follows tha t  tIv] > ~. 

Thus, the probability that  any particular vertex u is in U/~ for some particular 

i is at most 3/f2g. Thus, the expected number of neighbours of a given vertex v 

in U~ for any fixed i is at most (2fg) • ( 3 / f 2 g ) = 6 / / = o ( 1 ) .  So for any particular 

i, U~ is a stable set with very high probability. Furthermore, for any fixed v the 
following property holds with very high probability: 

If  desired~ we couM use the Local Lemma and insist tha t  weakenings of these 
two properties simultaneously hold for all v and i with positive probability, thus 
obtaining: 

Lemma 2. Let G be a A-regular graph where A > A0 =el~  and set h =  flog 2 A], 
g =  F~l ,  and f =- [3 lov/i-0-~v/k], and let {S I , . . . , Sg ,U}  be a partition of V(G) as 

assured by Lemma 1. Then there are disjoint stable sets t i U~,.. . ,  U' e in U such that 

1. for each 1 <_ i < g -  r, Si + U~ has a k colouring 
and 
for each g -  r < i ~_g, Si + U~ has a k - 1  colouring; 

2. ~or each ~ V ( C ) ,  1<_i<_~, IN(~)nU~[<logA; 
3. for each v E V(G), 

' 
IN(v) n (ui=lU~) I f2 -< 3 l v / ~  

We omit the proof of Lemma 2, as it is a special case of Lemma 3, to follow 

The first step of our iterutive procedure consists essentiaAly of applying Lemma 
2 to obtain sets U~ . . . .  , U~ with the properties given f~ its s tatement.  As we continue, 
we want to carry on using the Local Lemma in a similar manner.  We have to be a 
little careful because as the number of elements of U decreases, so does [U(TN(v)i 
and hence our bound on fir[ for each vertex v. Furthermore, the ratio 

max~ IN(~) n vl  
minv IN(v) n g[ 
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begins to move away from 2 (recall that  this ratio was important  when we derived 
our bound on ]IvI). However, we will see that  this does not pose a serious problem 

because as long as we halt our procedure before [UnN(v)l drops below S 4  IIvl 

never gets too small, and this ratio remains bounded by 1 v ~ A  which is enough 
for our purposes. 

A problem which causes more difficulty is that  of ensuring tha t  each U~ is a 
stable set. This is straightforward when a and b are large, but  as they get smaller 
we have to use more care, and it is not enough to simply select these sets in the 
manner described in the discussion preceding Lemma 2. 

We prove the following lemma. 

Lemma 3. Let A,k ,~ ,a  and b be integers satisfying A >_ A 0 = e 107, k >_ [log2A], 

s = [A] ,  f = [ 3 ~ V ~ ] ,  and f4 < a < b < av/-f. Let G be any A-regular graph 

and let {Sl, . . . ,  St, Vl,.. . ,  U~,R) be a partition of V(a)  which s~tis~es 
(a) for each v E V ( G ) ,  l <_i<g, k - 3 f  < 1N(v)NSil < t c -2 ;  

(b) for each v e V ( G ) ,  a< ]N(v)nRI  <_b; 

(e) for each 1 < i < ~ -  r, Si + Ui has a k colouring 
and 
for each g - r < i <_ ~, Si + Ui has a k - 1 colouring. 

then there are disjoint stable sets U~ , . . . , U~ in R such that 

1. for each 1 < i < ~ -  r, Si + Ui + U~ has a k colouring 
and 
for each ~ -  r < i <_ t, Si + Ui + U~ has a k - 1 colouring; 

2. for each ~eV(a) ,  l < i < t ,  IN(~)nU~l_<alog2Z~; 
3. for each v C V(G),  

~ , ,N(v) n Ri [ ~ / N ( ~ ?  R, 
IN(v) n (ui=IU~) ] f2 _< 4 

Proof. We prove this in two steps, each time using the symmetric  form of the Local 
Lemma. 

Claim 1: There exists UI C R such that for all vE V(G),  

Proof. For each u E R, place u in U I with probabili ty f - 2 ,  where this choice is 
made independently of the choice for all other vertices. For each v E V(G),  let Av 

be the event that  IN(v)NUtI violates the guarantee of Claim 1. Note tha t  by the 
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Chernoff bounds, P r (Av)  _< 2 A - 3  and that  each Av is mutual ly disjoint of all but 

at most A 2 other events. Therefore, since e x 2 A - 3 x  ( A 2 +  1 )<  1, the probabil i ty 

that  U t meets the condition of Claim 1 is positive. I 

Most of U' will be placed in UU~. In order to ensure tha t  Si + Ui + U~ can 

be coloured as claimed, we will insist that  for every v E U~, IN(v)n(s iug i ) l  is 

sufficiently small. To this end, for each v E U', we define Iv = {i: IN(v) M (Si U Ui)l <_ 
k - 1  and [N(v)A(SiUUi)[< k -2  if i>e - r } .  Note that  [Iv[ >_ a/(3f) by an argument 
similar to that  preceding Lemma 2. 

Claim 2: There exists a partition U{,.. . ,U~,X of Ut such that 

1. each U~ is a stable set; 

2. for all vEV(G),  l <i<g, if vEU~ then iEIv; 

3. for aii v E V(G), 1 < i_< s IN(v) Cl Uf[ _< 4 log 2 A; 

4. for all v e v ( a ) ,  IN(v) n X [ < _ ~ , ~ .  

Note that  this is enough to prove Lemma 3. 

Claim 2 will follow from repeated iterations of: 

Claim 3: Given Y C U', and sets I~v C Iv with [Iv I>_ ~ and IN(v)NY[ < c for some 

lo~v/-~<_c<< ~ ,  there exists a partition Y1,. . . ,Ye,Y'  of Y such that 

1. eadl Y/ is a stable set; 
2. for all v E Y , l < i <_ g, i f  v E Yi then i E I~v ; 
3. for all v E V(G), 1 < i < s IN(v) M Y/I -< 4log A; 

4. al; v e v ( a ) ,  IN(v) n r'[  < 4. 

Proof. First we part i t ion Y into Y{,. . . ,  Ye t which satisfy conditions 2 and 3 of Claim 

3. Next, for each i, we choose a stable set Y/C y/ i  such that  condition 4 holds. 

For each v E Y, we select a uniformly random member  i E Iv / , making the choice 

independently of all other such choices, and put  v into y/t. 

Now, for each 1 < i < g and v E y/t, if v has a neighbour in y/i, then we put  v 

into Ft. Finally we set Y/=- y/; _ y / .  

For each v E V(G), let By be the event tha t  v violates condition 3 for some i, 
and let Cv be the event that  v violates condition 4. For each u,i, the probabili ty 
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that  u is placed into Yi' is at most 6f/a, and so 

Exp (l.N(v) n ~'1t) <_ 6f - - X C  
O, 

< 6f  b 
- -  X - -  

- -  a f2 

< 6 /  2 a V/-f 
- -  X - -  

-- a f2 

< 12f -1/2 < 1. 

Therefore, IN(v)nY~l is statistically dominated by the Poisson variable with mean 

1, which is greater than log A with probability less than 1 (log A)! 

1 A_4. P r ( B v )  < g x - -  < (log a)! 

Similarly, the probability that  u is placed into Y~ is at most 12f -1/2, and so 

E x p  (IN(v)A Y'I) <- 12cf -1/2 < c/4. Therefore, 

P r (Cv)  < e -c/6"a6 < A -4.  

Furthermore, each event is independent of all but  at most 2A 3 other events. There- 

fore, since e x A -4  x (2A 3 + 1) < 1, the probability that  conditions 3 and 4 hold is 
positive. Conditions I and 2 are enforced by the nature of our selection, and so the 
claim is true. I 

Now it only remains to prove Claim 2. 

P roof  of Claim 2. Set Y0 = U/, U~--0 and repeatedly apply Claim 3 with Y = Y/, 

and I~={ieGIU:nN(v)=O}, and set Y~+I =Y', U~=U~UY~. 

Halt when IN (v )n~ l_  r  and set X = ~ .  Note that we will 

require fewer than log A iterations, and so IN(v)n U~l< 4log 2 A. I 

I terated applications of Lemma 3 now allow us to prove Theorem 1: 

P roof  of Theorem 1. First, we assume that  G is A-regular, as if it is not, then G is 
a subgraph of some A-regular G t formed by adding edges and at most  A vertices 
to G, such that  it suffices to find such a colouring of G 1. 

We then begin by taking a parti t ion of V(G) as assured by Lemma 1, and we 

consider 3, = if2 ( log(f~)- log( /4 '5))  i iterations of Lemma 3, each t ime replacing Ui 
by UiUU~ h'om the previous iteration. During the j t h  iteration, we can take a,b to 
be aj, bj which are defined iteratively below. 
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Set ao=fg, bo=3f~, a = l - 1 / f  2, and for 0 < j < v - 1  set 

a j + l = a j ( 1 - T 2  ) - 4 ~ V ~  

> aaj - x/~, 

_< ~bj + V/~j. 

To ensure that  we can carry out these iterations, we only need to bound bj/aj. 

Note that  aj <_aJao, bj >_ aJbo, and both sequences are strictly decreasing. 

To hound aj, we set j0 = 0, Ji+l = Ji + [llogajJlog(o~-l)], and p = (4)1/4. 
Note tha t  

aji+l ~-- (aji) 3/4 -- (Ji+l -- Ji)(aj~) 1/2 

>_ p(aj~)3/4 

p-(i+l)oji+1 a O. 

Similarly, we set to =0 ,  and ti+l =ti + [�88 logbjJlog(a-1)~. Note tha t  

bti+l ~ (bti) 3/4 ~- ( t i+l  - t i ) (bt~)  1/2 

<_ p(bt,) 3/4 

~ pi+lc~t~+l b O. 

Set i* = [Ioglog A/ log (4 ) ] .  For j <_ V, J ~- Ji* , ti* , and so aj >_ aJao/log 1/4 A 

f4 and bj ~_ log 1/4 AaJbo ~_ ajv/-f as desired. 

Therefore, we can parti t ion V(G) into sets {S] , . . . ,  St, U1,..., Ue, R} such that  

(a) for each v~g(G), 1_<i_<~, k-3f<lN(v)nSi l<_k-2;  
(b) for each v EV(G) ,  IN(v)AR I~f4"51og1/4/k; 

(c) for each vCV(C), l_<i_<e, IN(v)nU/l_<4,log2Z~; 
(d) for each l < i < s  Si+Ui has a k colouring 

and 
for each s163 Si+Ui has a k - 1  colouring. 

Therefore, by colouring V(G)-  R with A colours as described in (d), and then 
greedily A + 1 colouring R, using one more colour, we have a A + 1 colouring of G 

in which for each v E V(G), N(v) contains fewer than k + 4 v l o g  2 A + f  4"5 log 1/4 A _~ 

log s A vertices from each colour class. | 
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3. S m a l l e r  Va lues  of /3  

Here, we consider the problem of finding the minimum number of colours 
necessary to produce a /3-frugal colouring for general /3. Our main result is the 
following: 

Theorem 2. For any/3 >_ 1 and sumciently Iarge A, every graph of maximum degree 

A has a/3-frugal max((/3 + 1)A, eaAl+l /# / /3)  colouring'. 

Proof. We use the general form of the Local Lemma. The case/3 = 1 is known, so 
we assume/3 >_ 2. 

Let G be any graph with maximum degree A, and let 

c = max((/3 § 1)A, eaAl+l/~/fl).  

For each v E V(G), randomly choose one of c eolours for v, where the choice is 
uniform over all colours, and independent of the choice made for any other vertex. 

For each (u,v) E E(G), define A,,,v to be the event that  u,v are both  in the 

same eolour class. For each (V,Xl,...,z,~+l) such tha t  { x l , . . . , x ~ }  C_ N(v) define 

Bv,xl,...,xv+, to be the event that  Xl, . . .  ,x5+1 are all in the same colour class. All 

events Au,v are said to be Type A events and all e v e n t s  BV,Xl ..... X~+l are said to be 

Type  B events. 

1 
Pr(Au,v)  = - ,  

c 

and 
1 

= 7 "  

Furthermore, each Type A event is independent of all but at most  2A Type 

A events and at most 2A#+l/b!  Type B events. Similarly, each Type  B event is 

independent of all but  at most (/3+1)A Type A events and at most ( /3+I )AP+I /b!  

Type  B events. Therefore, by setting XA = 1 / ( (b+  1)A), me = b!/((b+ 1)Ab+I),  and 
applying the symmetric form of the local lemma, we see that  the probabili ty that  
none of these events occurs is positive, and thus there exists a/3-frugal colouring. | 

We will now see that  Theorem 2 is best possible up to a constant multiple: 

Fact: For any/3> 1 and for arbitrarily high A, there is a graph of maximum degree 
A, which does not admit a/3-frugal colouring using fewer than A1+1//~/2/3 colours. 

Proof. We are grateful to Noga Alon for the following example. 

Consider a (/3+2)-dimensional projective geometry, P ,  with m = n/3+l+n/~+...+1 

points, every (/3+1)-flat containing exactly A =n/~ + . . . + 1  points, and n arbitrari ly 
large. Form a biparti te graph G with parts P,F, where P is the set of points, and 



C O L O U R I N G  A G R A P H  F R U G A L L Y  4 7 9  

F is the set of 03+ 1)-flats, and where two vertices p E P,  f C F are adjacent if p 
lies in f .  

Because P is a projective geometry, every set o f / 3 + 1  points lies in a ( f~+l)-  
flat, and so in any 13-frugal colouring of G, no colour can be used more than 
times. Therefore, at least m/t3 points are required. The result now follows as G 

has maximum degree A, and m > �89 lq-1//3. I 

Note that  this also implies that  Theorem 1 is nearly best possible. 

Corollary 1. For any t > 1, there exist graphs with maximum degree A arbitrarily 
large, which admit no log A/ log  log A-frugal colouring using t A  colours. 

Proof. Fo r /~= logA/ log logA,  A----o(A1T1/f~/]~). ]] 

4. A l g o r i t h m s  

Beck [2] has developed a technique which makes some applications of the Local 
Lemma constructive (see also [1]). We will see in this section that  this technique 
applies to Theorems 1 and 2, yielding efficient algorithms at the price of an increase 
of A0 and the constant term in Theorem 2. We will need the following theorem, 
which we state in a somewhat more general form than is found in [2]. 

Theorem 3. Let ~d= { A1, . . . ,At} be a collection of subsets of  a finite set X ,  [X[ =n,  

each of  size at most  m such that each A j  intersects at mos t  m e2/50 other members  

of  M for some given e~60 .  Suppose that we are given V1,~/2,...Vl with Vi ~-Vi(n) 

l / m ,  ~-~7i--1. Then we have an O(nrllog ~ n) time randomized algorithm and 
a poly t ime deterministic algorithm which finds a partition X = X1 U. . .  U X 1 sudl 
that for each A j ,  

(,) [[XinAjl-'YilAj[l<_~V/~/imlogm 1 < i < /  

The case I = 2 , ~ 1  = 7 2  = �89 is Theorem 5 of [2]. We omit the proof as it 

follows along the same lines as that  in [2]. For ease of exposition, we present the 
randomised version of the algorithm. We start with the case where m,l--- O(1). 

Note that the existence of the desired partit ion is guaranteed by a straight- 
forward application of the Local Lemma. The difficulty is in finding the partit ion 
efficiently. 

The idea is that  if we place each x E X into a randomly chosen part  where each 
Xi  is chosen with probability "Yi, then with high probability (*) holds for most of the 
subsets Aj .  In order to ensure that  (*) holds for every A j ,  we make these choices 

one-at-a-time, and if during this process any Ay comes too close to violating (*) 
we stop choosing parts for all remaining members of Aj ,  postponing these choices 
until a later time when we will be more careful. 
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Step 1: Arbitrarily order the elements of X,  X l , . . . , x  n. Set S K I P  = 0. For 
k = l , . . .  ,n, do the following: 

(a) If  x k E S K I P  then next k. Otherwise, randomly choose which par t  to place 
xk into, placing it into Xj  with probability ~/j. 

(b) For each 1 < i < 1,1 _<j _< r, if [ [A jNXi [ - " / i  AjNU~,=IXi,  t > _ lex/Tirnlogrn 

then set S K I P  = S K I P  U ( A j -  U~,=iX i,), thus postponing the choice in step 

l (a)  for the rest of the members of Aj.  
At this point all of X -  S K I P  has been distributed into X1, . . .  , X b  and all 

that  remains is to distribute the members of SKIP. It  can be shown using the first 
moment  method that  with high probability each component of the hypergraph with 
vertex set SKIP, and edges A j N S K I P  has at most O(logr)  edges. We wot/ld like 
to reduce these component sizes even further, so we repeat  step 1 one more time. 

Step 2: Set X ' = S K I P  and for each 1 < j_<r ,  set A} = A j  N S K I P .  Repeat  step 1 

using X I and od I i I ={A1 , . . . ,A r }  rather that  od and X. 
I t  

Denote by ~ the hypergraph with vertex set SKIP and edges Aj  = A j N S K I P .  

With high probability each component of ~ has at most O(loglogr)  edges. 

A straightforward application of the Local Lemma shows tha t  there exists a 

S K I P  = Zz U.. .  U Zl such that  for each A".., parti t ion 
J 

i Iz.  n.4jt-,-r  1.,4, I 1 < 1 < i < / .  

Clearly setting each Xi = Xi  U Zi will yield the desired part i t ion of X. 

The key point of this algorithm is to note that  we can look for the part i t ion of 
the members of any component of o~ independently of our search for the part i t ion 
of the rest of S K I P .  Furthermore, the sizes of these components are small enough 
that  we can find their partitions using exhaustive search! The number of possible 

partit ions of a component is at most l O(rnl~176 and so if re, l =  O(1) then we can 
check them all in t ime O(logr): 

Step 3: By exhaustive search, find a parti t ion S K I P  = ZiU...UZt, where for 1 < i < t 

and l <_j <_r, I A;  nZ i  - 2q A~ I <_ l ex/~/irnlogrn. 

If 1 grows with r, then we must first split S K I P  into 2 parts,  and then split 
each part  into 2 more, and so on until we have our f parts. 

Step 3': By exhaustive search, find a parti t ion S K I P  = Y i  U !/2 such that ,  with 

e - r . 6i=l l i=l~/ i ,  2-1-Ii=[�89 for i = 1 , 2 ,  and for l<_j<_r, I A NYi -6i ! < - 

1e~/67 A;  lot to.  In the same manner,  repeatedly split each part ,  until we have 
V 
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S K I P - - Z 1 U . . . U Z l ,  where for 1 < i < l  and l _ < j _ < r ,  I A';MZi -~/i A~ I<- 

If m grows with r then we proceed as follows: If m = O(loglogr) then we can 
still carry out each iteration of step 3' in poly(logr) time. Otherwise, with high 
probability, a random partition of each component of 9~ will satisfy our desired 
property. 

Using standard techniques for derandomizing the first moment method, such as 
those in [2], we can derandomise step 1, yielding a polytime deterministic algorithm. 

Now, we will use Theorem 3 to find an efficient algorithm to produce a colouring 
as guaranteed by Theorem 1, with a slight increase of A0. 

The first step is to find a partition of V(G) into $1,$2, . . .  ,Si ,U as in Lemma 

1. Here, we increase f to 200 [ ~ v / k ] .  This is a straightforward application of 

Theorem 3 with X = V ( G ) ,  A v = N ( v ) , v e Y ( G ) ,  l=s and 7 / = ( 1 -  3 f g / A ) / L  

The next step is to find stable sets U~,...,U~ C R as described in Lemma 3. 
We weaken conditions 2, 3 of Lemma 3 to: 

1. for each v e Y ( a ) ,  1_<i<~, IN(v)nU[I <600log 1-~ & 

2. for each v C V(G), 

, IN(v) n RI  lN(v) n RI IN(v) CI (Ui=IU~) ] f2  < 6 0 0 ~  f2  
I 

We can find U I as in Claim 1 by Theorem 3, with X = R ,  A v = N ( v ) A R ,  / = 1  and 

71 = f - 2 .  To choose U[, we use an algorithm similar to that  given by Theorem 3: 

Step 1: Arbitrarily order the vertices of U r, ul , . . . ,ut .  Set S K I P  = ~. For 
k = 1 , . . . ,  t, do the following: 

(a) If u k E S K I P  then next k. Otherwise, place u k into U~., where i* is chosen 

uniformly at random from Iu. For each s E N(u)A V', set Is = I s -  {i*}. 

(b) For each i, v, if IN(v) N VII > 100log 1"5 A, then set S K I P  = S K I P  U (N(v) - 
U e U ~ 

i ' = l  i')" 

Step 2: Repeat step 1 with U - U  e i=IU/~ rather than U. 

Step 3: Now, by exhaustive search, choose the remainder of Ui I in the same manner 
as in the previous algorithm. 

The proof that  this algorithm succeeds with high probability follows along the 
same lines as the proof of Theorem 3 and we omit the details. Again, this can be 
derandomized, providing a polytime deterministic algorithm. 

We must apply Lemma 3 7 = O(log 4A) times, and then we simply greedily 

colonr the graph, as described in the proof of Theorem 1, yielding a O(n 3 log O(1) A) 
time randomized algorithm, or a polytime deterministic algorithm. 
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5. R e m a r k s  

It  is worth noting that  by being more careful with our calculations, and raising 

Ao, we can find a log 3 A-frugal (A + 1)-colouring for any graph with maximum 
degree ~X > AO. However, it seems t h a t  our methods will not be enough to find a 
log c A-frugal (A + 1)-colouring for c close to one. 

On the other hand, by being slightly less frugal, we can decrease our rather  
large lower bound on A, showing, for example, that  any graph with maximum 

degree A > 1 has a log 20 A-frugal (A + 1)-colouring. 

Alon [1] has shown how to modify the technique of [2] to produce parallel 
algorithms. His methods do not seem to apply here. 
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